Let Σ and Σ be closed, connected, and orientable surfaces, and let f : Σ → Σ be a branched cover. For each branching point x ∈ Σ the set of local degrees of f at f −1 (x) is a partition of the total degree d. The total length of the various partitions is determined by χ( Σ), χ(Σ), d and the number of branching points via the Riemann-Hurwitz formula. A very old problem asks whether a collection of partitions of d having the appropriate total length (that we call a candidate cover ) always comes from some branched cover. The answer is known to be in the affirmative whenever Σ is not the 2-sphere S, while for Σ = S exceptions do occur. A long-standing conjecture however asserts that when the degree d is a prime number a candidate cover is always realizable. In this paper we analyze the question from the point of view of the geometry of 2-orbifolds, and we provide strong supporting evidence for the conjecture. In particular, we exhibit three different sequences of candidate covers, indexed by their degree, such that for each sequence:
Introduction
This paper is devoted to a geometric approach, based on 2-orbifolds, to the Hurwitz existence problem for branched covers between surfaces, see [8] for the original source, the classical [9, 19, 18, 4, 5, 3, 11, 2, 6, 12, 10] , the more recent [1, 13, 14, 16, 17, 15, 22] , and below. We determine the realizability of all candidate surface branched covers inducing candidate covers between 2-orbifold with non-negative Euler characteristic. This yields a complete analysis of the existence of several infinite series of candidate covers and in particular to theorems giving rather surprising connections with numbertheoretic facts. These results provide in particular strong support for the long-standing conjecture [2] that a candidate cover with prime total degree is always realizable. The appropriate terminology and the statements of some of the results established below are given in the rest of the present Introduction. Our main results (Theorems 0.4 to 0.6) will not involve explicit reference to 2-orbifolds.
Branched covers Let Σ and Σ be closed, connected, and orientable surfaces, and f : Σ → Σ be a branched cover, i.e. a map locally modelled on functions of the form (C, 0) z →z k −→(C, 0) with k 1. If k > 1 then 0 in the target C is a branching point, and k is the local degree at 0 in the source C. There is a finite number n of branching points, and, removing all of them from Σ and their preimages from Σ, we see that f induces a genuine cover of some degree d. The collection (d ij ) m i j=1 of the local degrees at the preimages of the i-th branching point is a partition Π i of d. We now define:
• ℓ(Π i ) to be the length m i of Π i ;
• Π as the set {Π 1 , . . . , Π n } of all partitions of d associated to f ;
• ℓ(Π) to be the total length ℓ(Π 1 ) + . . . + ℓ(Π n ) of Π.
Then multiplicativity of the Euler characteristic χ under genuine covers for surfaces with boundary implies the classical Riemann-Hurwitz formula χ( Σ) − ℓ(Π) = d· χ(Σ) − n .
(1)
Candidate branched covers and the realizability problem Consider again two closed, connected, and orientable surfaces Σ and Σ, integers d 2 and n 1, and a set of partitions Π = {Π 1 , . . . , Π n } of d, with Π i = (d ij )
j=1 , such that condition (1) is satisfied. We associate to these data the symbol Σ that we will call a candidate surface branched cover. A classical (and still not completely solved) problem, known as the Hurwitz existence problem, asks which candidate surface branched covers are actually realizable, namely induced by some existent branched cover f : Σ → Σ. A non-realizable candidate surface branched cover will be called exceptional.
Remark 0.1. The symbol Σ, Σ, n, d, (d ij ) and the name compatible branch datum are used in [16, 17] instead of the terminology of "candidate covers" we will use here.
Known results Over the last 50 years the Hurwitz existence problem was the object of many papers, already listed above. The combined efforts of several mathematicians led in particular to the following results [9, 2] :
• If χ(Σ) 0 then any candidate surface branched cover is realizable, i.e. the Hurwitz existence problem has a positive solution in this case;
• If χ(Σ) > 0, i.e. if Σ is the 2-sphere S, there exist exceptional candidate surface branched covers.
Remark 0.2. A version of the Hurwitz existence problem exists also for possibly non-orientable Σ and Σ. Condition (1) must be complemented in this case with a few more requirements (some obvious, and one slightly less obvious, see [16] ). However it has been shown [3, 2] that again this generalized problem always has a positive solution if χ(Σ) 0, and that the case where Σ is the projective plane reduces to the case where Σ is the 2-sphere S.
According to these facts, in order to face the Hurwitz existence problem, it is not restrictive to assume the candidate covered surface Σ is the 2-sphere S, which we will do henceforth. Considerable energy has been devoted over the time to a general understanding of the exceptional candidate surface branched covers in this case, and quite some progress has been made (see for instance the survey of known results contained in [16] , together with the later papers [17, 15, 22] ), but the global pattern remains elusive. In particular the following conjecture proposed in [2] We mention in particular that all exceptional candidate surface branched covers with n = 3 and d 20 have been determined by computer in [22] . There are very many of them, but none occurs for prime d.
Main new results
Using the geometry of Euclidean 2-orbifolds we will establish in this paper (among others) the next three theorems. Recall that a candidate surface branched cover is a set of data Σ S is a candidate surface branched cover and it is realizable if and only if d can be expressed as x 2 + xy + y 2 for some x, y ∈ N.
What makes these results remarkable in view of Conjecture 0.3 is that:
• A prime number of the form 4k + 1 can always be expressed as x 2 + y 2 for x, y ∈ N (Fermat);
• A prime number of the form 6k + 1 (or equivalently 3k + 1) can always be expressed as x 2 + xy + y 2 for x, y ∈ N (Gauss);
• The integers that can be expressed as x 2 + y 2 or as x 2 + xy + y 2 with x, y ∈ N have asymptotically zero density in N.
This means that a candidate cover in any of our three statements is "exceptional with probability 1," even though it is realizable when its degree is prime. Note also that it was shown in [2] that establishing Conjecture 0.3 in the special case of three branching points would imply the general case.
Induced candidate 2-orbifold covers A 2-orbifold X = Σ(p 1 , . . . , p n ) is a closed orientable surface Σ with n cone points of orders p i 2, at which X has a singular differentiable structure given by the quotient C/ rot(2π/p i ) . Bill Thurston [20] introduced the notions (reviewed below) of orbifold cover and orbifold Euler characteristic
−→ X is an orbifold cover then χ orb ( X) = d·χ orb (X). He also showed that:
• If χ orb (X) > 0 then X is either bad (not covered by a surface in the sense of orbifolds) or spherical, namely the quotient of the metric 2-sphere S under a finite isometric action;
• If χ orb (X) = 0 (respectively, χ orb (X) < 0) then X is Euclidean (respectively, hyperbolic), namely the quotient of the Euclidean plane E (respectively, the hyperbolic plane H) under a discrete isometric action.
As pointed out in [16] and spelled out below, any candidate surface
Σ can be reconstructed from X d:1 X if some additional covering instructions are provided.
More new results
The main idea of this paper is to analyze the realizability of a given candidate surface branched cover Σ d:1 Π Σ using the associated candidate 2-orbifold cover X d:1 X and the geometries of X and X. It turns out that this is particularly effective when χ orb (X) is non-negative (note that χ orb ( X) has the same sign as χ orb (X), being d times it), but we will also briefly touch the case χ orb (X) < 0. In the bad/spherical case the statement is quite expressive: For the case of non-negative χ orb , within the proofs of Theorems 0.7 and 0.8 we will describe explicit geometric constructions of all the realizable covers. The proof of Theorem 0.9 has instead a more combinatorial flavour.
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A geometric approach to the problem
In this section we will describe the general framework leading to the proofs of Theorems 0.4 to 0.8, carried out in Sections 2 and 3.
Orbifold covers Besides the terminology and facts on 2-orbifolds already mentioned in the Introduction (and not reviewed here) we will need the precise definition of a degree-d cover f : X → X between 2-orbifolds. This is a map such that f −1 (x) generically consists of d points and locally making a diagram of the following form commutative:
where x and x have cone orders p and p = k· p respectively, and the vertical arrows are the projections corresponding to the actions of rot(2π/ p) and rot(2π/p) , namely the maps defining the (possibly singular) local differentiable structures at x and x. Since this local model can be described by the map z → z k , we see that f induces a branched cover between the underlying surfaces of X and X. Using the Riemann-Hurwitz formula (1) it is then easy to show that χ orb ( X) = d·χ orb (X). Bill Thurston introduced in [20] the notion of orbifold universal cover and established its existence. Using this fact we easily get the following result that we will need below (where, not surprisingly, good means "not bad"): Lemma 1.1. If X is bad and X is good then there cannot exist any orbifold cover X → X.
Induced orbifold covers As one easily sees, distinct orbifold covers can induce the same surface branched cover (in the local model, the two cone orders can be multiplied by one and the same integer). However a surface branched cover has an "easiest" associated orbifold cover, i.e. that with the smallest possible cone orders. This carries over to candidate covers, as we will now spell out. Consider a candidate surface branched cover
and define
where "l.c.m." stands for "least common multiple." Then we have an induced candidate 2-orbifold cover The geometric approach To analyze the realizability of a candidate surface branched cover we will switch to the induced candidate 2-orbifold cover X X and we will use geometry either to explicitly construct a map f : X → X realizing it, or to show that such an f cannot exist.
To explain how this works we first note that any 2-orbifold X with a fixed geometric structure of type X ∈ {S, E, H} has a well-defined distance function. This is because the structure is given by a quotient map X → X, that for obvious reasons we will call geometric universal cover of X, defined by an isometric and discrete (even if not free) action. Therefore a piecewise smooth path α in X has a well-defined length obtained by lifting it to a path α in X, even if α itself is not unique (even up to automorphisms of X) when α goes through some cone point of X. Now we have the following: Proposition 1.2. Let f : X → X be a 2-orbifold cover. Suppose that X has a fixed geometry with geometric universal cover π : X → X. Then there exists a geometric structure on X with geometric universal cover π : X → X and an isometry f :
Proof. We define the length of a path in X as the length of its image in X under f , and we consider the corresponding distance. Analyzing the local model of f , one sees that this distance is compatible with a local orbifold geometric structure also of type X, so there is one global such structure on X, with geometric universal cover π : X → X. The properties of the universal cover imply that there is a map f : X → X such that π • f = f • π. By construction f preserves the length of paths, but X is a manifold, not an orbifold, so f is a local isometry. In particular it is a cover, but X is simply connected, so f is a homeomorphism and hence an isometry.
Any spherical 2-orbifold X is rigid, namely the geometric universal cover S → X is unique up to automorphisms of S and X, so in the spherical case one is not faced with any choice while applying Proposition 1.2. On the contrary Euclidean 2-orbifolds are never rigid, since the metric can always be rescaled (and it can also be changed in more essential ways on the torus T and on S(2, 2, 2, 2), see below). In this case we will slightly modify the content of Proposition 1.2 by rescaling X so that its area equals that of X, in which case f is no more an isometry but merely a complex-affine map C → C, with C identified to E. More precisely: Proposition 1.3. Let f : X → X be a 2-orbifold cover. Suppose that X has a fixed Euclidean structure with geometric universal cover π : E → X. Then there exists a Euclidean structure on X with geometric universal cover π : E → X such that X and X have the same area, and a map f :
Proof. With respect to the structure on X given by Proposition 1.2 the area of X is d times that of X, so the scaling factor is 1/ √ d. After rescaling f is therefore √ d times an isometry, and the conclusion follows.
To conclude the section, we note that for candidate covers of the form S d:1 Π S, as most of ours will be, the Riemann-Hurwitz formula (1) reads
Positive Euler characteristic
In this section we will establish Theorem 0.7. More precisely we will show: In addition to proving this result we will describe all Σ Σ inducing X X with χ orb (X) > 0 not listed in the statement, and we will explicitly construct a geometric realization of each such X X. To outline our argument, we first recall that the 2-orbifolds X with χ orb (X) > 0 are
In particular for any relevant Σ
bad if and only if it is S(p) for p > 1 or S(p, q) for p = q > 1, and in all other cases it has a rigid spherical structure. Our main steps will be as follows:
• We will determine all candidate surface branched covers inducing some X X with positive χ orb ( X) and χ orb (X), and the corresponding covering instructions for X X;
• For each spherical X with χ orb (X) > 0 we will explicitly describe (and fix) the geometric universal cover π : S → X;
• For each X X with χ orb (X) > 0 (complemented with its covering instructions) induced by some candidate surface branched cover, except when X is bad and X is spherical, we will explicitly describe an isometry f : S → S such that there exists f : X → X realizing X X with π • f = f • π, where π and π are the geometric universal covers of X and X described in the previous step.
Relevant candidate covers To list all candidate surface branched covers inducing some X X with positive χ orb (X) our steps will be as follows:
• We consider all possible pairs ( X, X) such that
• Supposing X has n cone points of orders p 1 , . . . , p n , we consider all possible ways of grouping the orders of the cone points of X as (q 11 , . . . , q 1µ 1 ), . . . , (q n1 , . . . , q nµn ) so that q ij divides p i for all i and j;
• We determine m i µ i so that, setting q ij = 1 for j > µ i and
we have that
• We check that p i is the least common multiple of (d ij )
This leads to the candidate surface branched cover S
, inducing X X with covering instructions
For the sake of brevity we will group together our statements depending on the type of X. In the proofs it will sometimes be convenient to carry out the steps outlined above in a different order. In particular, it is often not easy to determine beforehand when χ orb ( X)/χ orb (X) is an integer, so this condition is imposed at the end. Moreover, whenever X has three cone points, instead of χ orb ( X) = d·χ orb (X) we will use the equivalent formula (2), expressed in terms of the data of the would-be candidate surface branched cover. Proof. We start with Turning to X = S(2, 2, p) we can have either p 2 or p p. In the first case we should have Π 1 = (2, . . . , 2, 1) and Π 2 = (2, . . . , 2), which is impossible because d should be both even and odd. In the second case we have d = 2k and m 1 = m 2 = k, whence m 3 = 2, so we get item 12 in (3) in the special case where h divides 2k − h or conversely. Now let X = S(2, 3, 3). If p 2 (or p 3) then p = 2 (or p = 3) and computing χ orb we get d = 9 (or d = 8). In the first case we get item 1 in (3), in the second case we get nothing because Π 2 = (3, . . . , 3, 1) which is incompatible with d = 8.
The discussion for X = S(2, 3, p) with p = 4, 5 is similar. We examine where p can be mapped to, we deduce what it is (except that both 2 and 4 are possible when p p = 4), in each case we determine d using χ orb and we check that there exist appropriate partitions of d. For X = S(2, 3, 4) we get items 4 and 6 in (3), with p = 2 4 in 6, while for X = S(2, 3, 5) we get items 9 to 11 in (3).
Let us now consider X = S( p, q) with p = q > 1 and again examine the various X's, noting first that If X = S(2, 2, p) then we cannot have ( p, q) 2 or p 2, q 2, otherwise X would be good. If p 2 and q p then d should be both even and odd, which is impossible. So ( p, q) p, d = 2k, m 1 = m 2 = k, m 3 = 2 and we get the last item in (3) with h and 2k − h not multiple of each other.
For X = S(2, 3, p), considering where p and q can be mapped, we again see what they can be, we determine d using χ orb , and we check that three appropriate partitions exist, getting nothing for p = 3, items 2 and 3 in (3) for p = 4, and items 5, 7, and 8 for p = 5, which completes the proof. with arbitrary k 1 in the last two items. Assume now X = S(2, 2, p). If ( p, p) 2 then p = 2 and p = d = 2k + 2, which leads to the last item in (4). If p 2 and p 2 then p = 2 and p = d = 2k + 1, so we get the penultimate item in (4) . Of course we cannot have p 2 and p p otherwise d should be both even and odd. If The discussion for X = S(2, 3, p) with p = 4, 5 is similar. We get items 3 to 6 in (4) for p = 4 and items 7 to 9 for p = 5. 
Proof. Note first that X cannot be S or S(p) since d 2. If X = S(p, q) we have the following possibilities:
• p p and (2, 2) q. Then p = k p and q = 2h, so
• (2, p) p and 2 q. Then p = 2k and q = 2h, so
, in all cases we deduce that m 1 + m 2 = 2, which is absurd, so we do not get any candidate cover. Now suppose X = S(2, 2, p). We have the following possibilities:
and p must actually be 2 in items 1, 3, 5, 6, 7 and 10. Items 1, 3, 5, 6 and 8 are then impossible because d should be both even and odd. In item 2 we have d = 2k and m 1 = m 2 = k, whence m 3 = 2, which is impossible. In items 4 and 7 we have d = 2k, whence m 1 = k + 1 and m 2 = k, so m 3 = 1, which is absurd. In items 9 and 10 we have d = 2k + 1 and m 1 = m 2 = k + 1, whence m 3 = 1, which is absurd. This shows that there is no candidate cover for X = S(2, 2, p).
The cases where X = S(2, 3, p) for p = 3, 4, 5 are easier to discuss and hence left to the reader. For p = 3 there is nothing, for p = 4 there are items 1 and 2 in (5), and for p = 5 items 3 to 5.
The candidate surface branched covers inducing some X(2, 3, p) X for p = 3, 4, 5 are not hard to analyze using the same methods employed above, so we will not spell out the proofs of the next two results. The most delicate point is always to exclude the cases X = S(p, q) and X = S(2, 2, p). Proposition 2.6. The only candidate surface branched cover inducing some S(2, 3, 3)
X is S 5:1
S.
Proposition 2.7. There are no candidate surface branched covers inducing any S(2, 3, 4) X or S(2, 3, 5) X.
Spherical structures As already mentioned, any good 2-orbifold X with χ orb (X) > 0 has a spherical structure, given by the action of some finite group Γ of isometries on the metric sphere S. We will now explicitly describe each relevant Γ, thus identifying X with the quotient S/Γ. To this end we will always regard S as the unit sphere of C × R. Figure 1 . Tessellations of S by fundamental domains of Γ (p,p) and Γ (2,2,p) wedge with vertices at the poles (0, ±1) and edges passing through (1, 0) and (e iπ/p , 0), so the width is π/p. Now define Γ (p,p) as the group of isometries of S generated by the reflections in the edges of the wedge, and Γ (p,p) as the its subgroup of orientation-preserving isometries. Then Γ (p,p) is generated by the rotation of angle 2π/p around the poles (0, ±1), a fundamental domain for Γ (p,p) is the union of any two wedges sharing an edge, and S(p, p) = S/Γ (p,p) . See Fig. 1 -left.
Triangular orbifolds
The remaining spherical 2-orbifolds S(2, q, p) with either q = 2 or q = 3 and p = 3, 4, 5 are called triangular. The corresponding group Γ (2,q,p) is the subgroup of orientation-preserving elements of a group Γ (2,q,p) generated by the reflections in the edges of a triangle ∆ (2,q,p) with angles π/2, π/q, π/p. A fundamental domain of Γ (2,q,p) is then the union of ∆ (2,q,p) with its image under any of the reflections in its edges. If A, B, C are the vertices of ∆ (2,q,p) then Γ (2,q,p) is generated by the rotations α, β, γ of angles 2π/2, 2π/q, 2π/p around ±A, ±B, ±C, respectively, and a presentation of Γ (2,q,p) is given by
The main point here is of course that the triangles ∆ (2,q,p) exist in S. The choice for q = 2 and arbitrary p is easy: A = (1, 0), B = (e iπ/p , 0) and C = (0, 1), see Fig. 1 -right. For q = 3 see Figures 2 and 3 . In each case the pictures also show the images of ∆(2, q, p) under the action of Γ (2,q,p) . A fundamental Figure 2 . Tessellations of S by triangular fundamental domains of Γ (2, 3, 3) and Γ (2, 3, 4) A (2) C (5) B (3) Figure 3 . Partial tessellation of S by triangular fundamental domains of Γ (2, 3, 5) domain for the group Γ (2,q,p) giving S(2, q, p) is always the union of any two triangles sharing an edge. In all the pictures for q = 3 we have A = (1, 0).
Moreover for p = 3 we have B = 
Geometric realizations Let a candidate orbifold cover X X with covering instructions be induced by some candidate surface branched cover. When X is bad and X is spherical, Lemma 1.1 implies that X X is not realizable. The results established above show that X is never bad, so we are left to show that the cover is realizable when both X and X are spherical. The case X = S is however easy, since a realization is given precisely by the geometric universal cover S → X we have fixed. We will now deal with all the other cases, by constructing an isometry f : S → S that induces a realization f : Proof. The following list describes the candidate orbifold covers X X and the covering instructions associated to the items in (4), together with the corresponding isometry f : S → S inducing the desired f via the geometric universal covers π : S → X and π : S → X fixed above.
• S(3, 3) • S(2, 2)
S(2, 3, 5) and f is the identity;
• S(2, 2)
S(2, 2, 2k + 1) and f = rot (±i,0) (π/2);
S(2, 2, 2k + 2) and f = rot (±i,0) (π/2). The proof is complete. Proof. The candidate orbifold covers with covering instructions associated to the items in (5), and the corresponding isometries f : S → S, are as follows:
• S(2, 2, 3)
S(2, 3, 4) and f is the rotation around (±1, 0) mapping (0, 1) to point B in Fig. 2 -right followed by a rotation of angle π/6 around ±B. Fig. 6 ;
• S(2, 2, 2)
S(2, 3, 4) and f is the identity;
• S(2, 2, 5)
S(2, 3, 5) and f is the rotation around (±1, 0), sending (0, 1) to the point of order 5 best visible in the upper hemisphere in Fig. 3 . See also Fig. 7 ;
S(2, 3, 5) and f is the rotation around (±i, 0) that maps the pole (0, 1) to point B in Fig. 3 followed by a rotation of angle π/6 around ±B. See also Fig. 8 ; The proof is complete. and the isometry f : S → S inducing its realization is the rotation of angle π/4 around (±1, 0). See also Fig. 9 .
The Euclidean case
In this section we investigate realizability of candidate surface branched covers inducing candidate orbifold covers X X with χ orb ( X) = χ orb (X) = 0. where T is the torus. Recalling that the orders of the cone points of X must divide those of X, we see that the only possibilities are the cases (0) to (7) shown in Fig. 10 , that we will analyze using Euclidean geometry. Namely:
• We will fix on X a Euclidean structure given by some π : E → X;
• We will assume that X d:1 X is realized by some map f , we will use Lemma 1.3 to deduce there is a corresponding affine map f : E → E, and we will analyze f to show that d must satisfy certain conditions;
• We will employ the calculations of the previous point to show that if d satisfies the conditions then f , whence f , exists. Euclidean structures On each of the three triangular orbifolds S(p, q, r) with
= 1 the Euclidean structure (unique up to rescaling) is constructed essentially as in the spherical case. We take a triangle ∆(p, q, r) in E with angles π/p, π/q, π/r, the group Γ (p,q,r) generated by the reflections in the edges of ∆(p, q, r), and its subgroup Γ (p,q,r) of orientation-preserving isometries. Then S(p, q, r) is the quotient of E under the action of Γ (p,q,r) , which is generated by the rotations of angles 2π/p, 2π/q, 2π/r around the vertices of ∆(p, q, r), and a fundamental domain is given by the union of ∆(p, q, r) with any of its reflected copies in one of the edges. In each case we now make a precise choice for the vertices A (p) , B (q) , C (r) of ∆(p, q, r) and determine the resulting area A of S(p, q, r). See also Fig. 11 .
∆(2, 4, 4) :
The situation for S(2, 2, 2, 2) is slightly different, since there is flexibility besides rescaling. For s, t ∈ R with s > 0 we consider in E the quadrilateral Q s,t with corners
and we define Γ s,t (2,2,2,2) as the group generated by the rotations of angle π around these points. Then the action of Γ s,t (2,2,2,2) on E defines on S(2, 2, 2, 2) a Euclidean structure of area 2, and a fundamental domain is given by the union of Q s,t with any translate of itself having an edge in common with 1 2 s i 2it is Figure 12 . The fundamental domains for S(2, 2, 2, 2) for general s, t and for s = t = 1 itself, as shown in Fig. 12 -left. When S(2, 2, 2, 2) plays the rôle of X in X X we will endow it with the structure given by s = t = 1, as shown in Fig. 12 -right. It is an easy exercise to check that any other structure with area 2 is defined by Γ s,t (2,2,2,2) for some s, t.
General geometric tools Our analysis of the candidate covers (1)- (7) of Fig. 10 relies on certain facts that we will use repeatedly. The first is the exact determination of the lifts of the cone points, that we now describe. For any of our four Euclidean X's, with the structure π : E → X = E/Γ we have fixed, and any vertex V (p) of the fundamental domain for Γ described above, we set V (p) = π( V (p) ), so that its cone order is p. Then π −1 (V (p) ) will be some set { V 
S(2, 2, 2, 2) : (see Fig. 13 
Also important for us will be the symmetries of our Euclidean X's. More precisely we will use the following facts:
• There exists a symmetry of S(2, 4, 4) switching B (4) and C (4) ;
• Any permutation of A (3) , B (3) , C (3) is induced by a symmetry of S(3, 3, 3);
is induced by a symmetry of S(2, 2, 2, 2). It is perhaps worth noting that all the symmetries for S(2, 4, 4) and S(3, 3, 3) are isometries with respect to the structures we have fixed, and those of S(2, 2, 2, 2) are isometries if we endow it with the structure such that the triangle with vertices
Here is another tool we will use very often. As one sees, if Γ < Isom + (E) defines a Euclidean structure on a 2-orbifold X = E/Γ then Γ has a maximal torsion-free subgroup, a rank-2 lattice Λ(Γ). Denoting for u ∈ C by τ u the translation z → z + u, the lattices for the groups we have fixed are as follows:
Moreover the following holds:
, τ e u 2 and Λ(Γ) = τ u 1 , τ u 2 . Let f : E → E given by f(z) = λ·z + µ induce an orbifold cover X → X. Then λ· u 1 and λ· u 2 are integer linear combinations of u 1 and u 2 .
Proof. The map f induces a homomorphism f * : Γ → Γ given by f * (τ u ) = τ λ·u which maps Λ( Γ) to Λ(Γ), and the conclusion easily follows.
Exceptions and geometric realizations We will now state and prove 8 theorems corresponding to the cases (0)- (7) Proof. The first assertion and realizability of any T k:1 T are easy. For any X = T let X = E/Γ and identify T to E/Λ(Γ). Since Λ(Γ) < Γ we have an induced orbifold cover T → X, which realizes the relevant T X in the special case k = 1. The conclusion follows by taking compositions. S for k 1, and they are realizable if and only if, respectively:
for some x, y ∈ N of different parity;
for some x, y ∈ N of different parity; and it is very easy to see that the first three come from the candidate surface branched covers of the statement, while the last two do not come from any candidate cover (recall that the simplified version (2) of the Riemann-Hurwitz formula must be satisfied). Now suppose there is a realization f : S(2, 4, 4)
−→ S(2, 4, 4) of one of the three relevant candidate covers. Proposition 1.3 implies that there is a geometric universal cover π : E → S(2, 4, 4) and an affine map f : E → E with π • f = π • f . But the Euclidean structure of S(2, 4, 4) is unique up to scaling, so π = π. If f(z) = λ · z + µ, since Λ (2,4,4) = τ 2 , τ 2i , Lemma 3.1 implies that λ = n + im for some n, m ∈ Z, whence d = n 2 + m 2 .
We now employ the notation of (6) and note that for all three candidates we can assume, by the symmetry of S(2, 4, 4), that f B (4) = B (4) , whence
0,0 , namely µ = 0. We then proceed separately for the three candidates. For the first one we have f A
1,0 = λ is some A The same phenomenon will occur in all the next proofs, except that of Theorem 3.8. Note however that to check that some f defined starting from a degree d with appropriate form induces a realization of the corresponding candidate, we had to check all three conditions.
As an illustration of the previous proof, we provide in Fig. 15 a description of the map f : E → E inducing a realization of S • d = x 2 + xy + y 2 with x, y ∈ N not both even and x ≡ y (mod 3);
• d = 3(x 2 + 3xy + 3y 2 ) with x, y ∈ N not both even;
• d = 12(x 2 + 3xy + 3y 2 ) + 16 with x, y ∈ N;
• d = 12(x 2 + 3xy + 3y 2 ) with x, y ∈ N. (2) is always satisfied in this case). The scheme of the proof is now as for case (1): we consider the universal cover π : E → S(2, 3, 6) we have fixed, we assume that a map f : S(2, 3, 6) 3, 6 ) realizing some candidate cover exists, we use Proposition 1.3 to find f : E → E with f (z) = λ·z + µ and π • f = f • π, and we show that d = |λ| 2 has the appropriate form. Moreover essentially the same calculations will also allow us to prove the converse. We will always use the notation fixed in (8) 
Proof
We first apply Lemma 3.1. Since Λ (2, 3, 6) 
we must have
for some n, m ∈ Z, which easily implies that
Notice that Lemma 3.1 does not give any other condition, because λ·
We now analyze our four candidates, starting from the first one. Since
we can assume f B 
a,b for some a, b ∈ Z not both even with a − b ≡ 1 (mod 3). Since a = n + m and b = −m we deduce that n, m are not both even and n − m ≡ 1 (mod 3). If n, m 0 or n, m 0 we set x = |n| and y = |m|, getting d = x 2 + xy + y 2 with x, y ∈ N not both even and x ≡ y (mod 3). Otherwise we have n > 0 > m up to permutation. If n −m we set x = n + m and y = −m, otherwise x = n and y = −n − m, and again we have d = x 2 + xy + y 2 with x, y ∈ N not both even and x ≡ y (mod 3).
Conversely, assume d = x 2 + xy + y 2 with x, y ∈ N not both even and x ≡ y (mod 3). Up to changing sign to both x and y we can suppose that x − y ≡ 1 (mod 3) and define f(z) = ((x + y) − ωy) · z. Of course f B x+y,−y , and using the identity ω 2 = ω−1 we have f C
where the last equality depends on the fact that y−x ≡ −(x−y) ≡ 2 (mod 3). This easily implies that f induces a realization of the first candidate.
Let us turn to the second candidate. Since
we can assume f B
for some a, b ∈ Z not both even with a − b ≡ 1 (mod 3). Since a = n + m and b = 2 − m we deduce that n, m are not both even and n ≡ m (mod 3). Setting x = n and y = (m − n)/3 we then get d = 3(x 2 + 3xy + 3y 2 ) for x, y ∈ Z not both even. Reducing to the case x, y ∈ N is a routine matter that we leave to the reader.
Conversely, assume d = 3(x 2 + 3xy + 3y 2 ) for x, y ∈ N not both even, set n = x and m = x + 3y and define which is some C (6) * because (x + 3y) − (x + 1) ≡ 2 (mod 3). It follows that f induces a realization of the candidate.
For the third candidate we have
so we can take µ = 0 and f A and we have d = 12(x 2 + 3xy + 3y 2 ) + 16 with x, y ∈ Z. Again it is easy to reduce to the case x, y ∈ N.
Conversely, suppose d = 12(x 2 + 3xy + 3y 2 ) + 16 with x, y ∈ N, set n = 2(x − 2) and m = 2(x + 3y + 2), and define f(z) = ((n + m) − ωm)·z.
Then of course f B is some C (6) * , while
which is some C (6) * because 2(x + 3y + 2) − 2(x − 2) ≡ 2 (mod 3), hence f induces a realization of the candidate.
For the last candidate
so we can assume f B
a,b for some a, b ∈ Z with a − b ≡ 2 (mod 3). Since a = (n + m)/2 and b = (2 − m)/2 we deduce that n, m are both even and n ≡ m (mod 3). Setting x = n/2 and y = (m − n)/6 we then get d = 12(x 2 + 3xy + 3y 2 ) for x, y ∈ Z, and again we can reduce to x, y ∈ N.
Conversely suppose d = 12(x 2 + 3xy + 3y 2 ) for x, y ∈ N, set n = 2x and m = 2(x+3y) and define f(z) = ((n+m)−ωm)·z +ω. Then f B
and f A
1,0 is some C • d = x 2 + xy + y 2 with x, y ∈ N and x ≡ y (mod 3);
• d = 3(x 2 + 3xy + 3y 2 ) with x, y ∈ N.
Proof. The possible covering instructions are
The second one is not induced by any candidate surface branched cover, and the other two are induced by the candidates in the statement. We follow again the same scheme, using the notation of (9). If f(z) = λ·z + µ realizes a candidate then, as in the previous proof, Lemma 3.1 implies that λ = (n + m) − ωm for n, m ∈ Z, and d = n 2 + nm + m 2 . Moreover from the symmetry of S(3, 3, 3) we can assume f A
0,0 , namely µ = 0. For the first candidate we have f B (3) = B (3) up to symmetry, whence
a,b with a − b ≡ 1 (mod 3), therefore n − m ≡ 1 (mod 3). Exactly as in the previous proof we deduce that d = x 2 + xy + y 2 with x, y ∈ N and x ≡ y (mod 3). The converse is proved as above. Switching signs if necessary we assume x−y ≡ 1 (mod 3), we set f (z) = ((x+y)−ωy)·z and note that f C
y,x because y − x ≡ 2 (mod 3).
For the second candidate f B (3) = A (3) , whence f B (3) 1,0 = λ is some A (3) * , which implies that n ≡ m (mod 3). Setting x = n and y = (m − n)/3 we see that x, y ∈ Z and d = 3(x 2 + 3xy + y 2 ), and the conclusion is as usual. Proof. The first assertion is easy (but note that now the Riemann-Hurwitz formula cannot be used in its simplified form (2), it reads ℓ(Π) = 2d+2). The second assertion is proved as usual, except that we have to deal with the flexibility of S(2, 2, 2, 2). We assume that a map f : S(2, 2, 2, 2)
−→ S(2, 2, 2, 2) realizing some candidate exists and we put on the target S(2, 2, 2, 2) the structure π defined by Γ 1,1 (2,2,2,2) . Then we deduce from Lemma 1.3 that there exists a structure π on the source S(2, 2, 2, 2) also with area 2, and f : E → E, such that f (z) = λ·z + µ with π • f = f • π and d = |λ| 2 . Then π is defined by some Γ s,t (2,2,2,2) . We first note that by the symmetry of S(2, 2, 2, 2) we can assume µ = 0. Then we apply Lemma 3.1. Since
there exist m, n, p, q ∈ Z such that λ·is = n + im λ·
and some easy computations show that all the relevant quantities can be determined explicitly in terms of n, m, p, q, namely:
Note also that equations (10) already give us also the images of the lifts of the cone points.
For the first candidate we have d = 4a ± 1 for some a 1, we set n = 2a, m = 1, p = ±1, q = −2, we compute s, t, λ as above and we see that the corresponding map f induces a realization of the candidate, because
2a,1 .
For the second candidate we have d = 4a + 1 ± 1 for some a 1, we set n = 2a, m = 1 ± 1, p = 1, q = −2 we compute s, t, λ as above and we see that the corresponding map f induces a realization of the candidate, because
2a,1±1 .
For the last candidate each lift of a cone point has some A (2) * as its image, therefore n, m, p, q must all be even, which implies that d is a multiple of 4, as prescribed in the statement. Conversely if d = 4a for a > 1 we set n = m = q = 2, p = 2(a + 1) we compute s, t, λ as above and we see that the corresponding map f induces a realization of the candidate, because
2,2 .
The proof is complete. S for k 1, and they are realizable, respectively:
• if and only if d = 6(x 2 + 3xy + 3y 2 ) for x, y ∈ N;
• if and only if d = 2(x 2 + xy + y 2 ) for x, y ∈ N and x ≡ y (mod 3);
• never;
• if and only if d = 6(x 2 + 3xy + 3y 2 ) for x, y ∈ N.
Proof. The first assertion is easy. For the second one we proceed as above, except that now the Euclidean structure π on S(3, 3, 3) is not that we have fixed above, because its area should be
rather than
, so the triangle ∆(3, 3, 3) must be rescaled by a factor 1/ √ 2. The lattices to which we can apply Lemma 3.1 are therefore
As in the proof of Theorem 3.5 (except for the new factor) we deduce that
Therefore f maps the lifts of the cone points of S(3, 3, 3) to
For the first candidate all these points should be some B (3) * from (8), so we can assume µ = 0 and
Setting x = n and y = (m − n)/3 we then see that d = 6(x 2 + 3xy + 3y 2 ) for x, y ∈ Z, and as above we can reduce to x, y ∈ N, so d has the appropriate form. The converse follows from the same computations: if d = 6(x 2 + 3xy + 3y
2 ) we set n = x and m = x + 3y and we see that the corresponding f realizes the candidate.
For the second candidate again µ = 0 and, by the symmetry of S(3, 3, 3), we can assume 1/ √ 2 is mapped to some C (6) * , namely n − m ≡ 2 (mod 3), so in particular n ≡ m (mod 3). Therefore d = 2(x 2 + xy + y 2 ) for some x, y ∈ Z with x ≡ y (mod 3), and once again restricting to x, y ∈ N makes no difference, so d has the prescribed form. The construction is easily reversible because if n − m ≡ 2 (mod 3) then m − n ≡ 2 (mod 3), which also proves that the third candidate is never realizable.
For the last candidate we can assume µ = ω, and
and we conclude as for the first candidate. Proof. Again we leave the first assertion to the reader and we proceed with the customary scheme. Since the area of the structure we have chosen on S(2, 4, 4) is 1, on S(2, 2, 2, 2) we will have a structure generated by the rotations of angle π around points 0, 1 2s
with s, t ∈ R and s > 0. The lattices to which we must apply Lemma 3.1 are therefore τ 2is , τ1
s +2it and Λ (2,4,4) = τ 2 , τ 2i , so
for some n, m, p, q ∈ Z. Whence, after easy computations,
In particular d = 2(pm − qn) and the images of the lifts of the cone points of S(2, 2, 2, 2) are
The first four candidates are realized respectively with the following choices of n, m, p, q, µ:
The fifth candidate is always exceptional because we can suppose µ = 0 and hence we should have that two of the pairs (p, q), (n, m), (p + n, q + m) consist of even numbers and the third one consists of odd numbers, which is impossible.
For the last candidate we have that p, q, n, m must all be even, so d = 2(pm − qn) is a multiple of 8. Conversely if d = 8h we can realize the candidate with n = q = 0, m = 2 and p = 2h.
For the first candidate we choose µ = 1 2 , p = q = 2, n = k + 1 and m = 1. The corresponding f induces a realization because d = 6k = 3(qn − pm) and the images of the cone points are 1 2 (1 + 0ω), 1 2 ((m − n + 1) + (m + 2n)ω), 1 2 ((q − p + 1) + (q + 2p)ω), (a + bω) with a, b not both even and a − b ≡ 1 (mod 3), so they equal some A (2) * . For the second candidate we choose µ = 1 2 , n = 2, m = 1 and
Then d = 6k + 3 = 3(qn − pm) and the images of the cone points are as before, but now the first three are some A (2) * , while the last one has the form a + bω with a, b ∈ Z and a − b ≡ 2 (mod 3), so it is some C (6) * , so f induces a realization of the candidate.
For the third candidate we choose µ = , m = q = 2 and
Then d = 6k + 6 = 3(qn − pm) and now the first two images are some A (2) * and the last two are some C (6) * , so f induces a realization of the candidate. For the fourth candidate we can once again suppose µ = 1 2 . Since the images of the last three cone points must be some C (6) * we deduce that m, q, m+q should be even and hence n, p, n + p should be odd, which is impossible.
Turning to the last candidate, we can suppose µ = ω. Then the images of the cone points are 1 + 0ω, 1 2 ((m − n) + (m + 2n + 2)ω), 1 2 ((q − p) + (q + 2p + 2)ω), 1 2 ((m + q − n − p) + (m + q + 2n + 2p + 2)ω) and they must all be some C (6) * , so n, m, p, q should all be even. Therefore d = 3(qn − pm) is a multiple of 12. Conversely, if d = 12h + 12 we realize the candidate with the choice q = 2h, n = m = 2 and p = −2.
Congruences and density We close this section with some elementary remarks about the numbers appearing in our main results, thus explaining in full detail why Theorems 0.4 to 0.6 are implied by Theorems 3.3 to 3.6. First of all we have:
Hyperbolic triangular orbifolds
There is one crucial geometric fact underlying the proofs of our main results for the case of positive and zero Euler characteristic. Namely, in these cases the geometry (if any) of an orbifold with cone points is rigid (up to rescaling), with the single exception of S(2, 2, 2, 2), where the space of moduli is easy to compute anyway. Turning to the case of negative Euler characteristic, one knows that a hyperbolic 2-orbifold is rigid if and only if it is triangular, namely if it is based on the sphere and it has precisely three cone points. In this section we will show that only very few candidate surface branched covers induce candidate covers between hyperbolic triangular 2-orbifolds: S.
This result means that the geometric techniques employed above would require a substantial extension to be relevant for the hyperbolic case. Leaving this for the future, we will show here that for the candidate covers of Theorem 4.1 the geometric approach is not even necessary, since realizability can be fully analyzed using a completely different technique, namely Grothendieck's dessins d'enfant [7, 21] , already exploited in [16] . We will show the following: (III) More restrictions on the cover and conclusion for d 12.
Step I. If Π is a partition of an integer d, let us denote by ℓ(Π) its length (as above), and by c(Π) the number of entries in Π which are different from l.c.m.(Π). To induce a candidate cover between triangular 2-orbifolds (regardless of the geometry), a candidate surface branched cover of degree d 2 must have the following properties:
• The number of branching points is 3;
• If the partitions of d are Π 1 , Π 2 , Π 3 then c(Π 1 ) + c(Π 2 ) + c(Π 3 ) = 3.
To list all such candidate covers for a given d then one has to:
• List all the partitions Π of d with c(Π) 3;
• Find all possible triples (Π 1 , Π 2 , Π 3 ) of partitions with ℓ(Π 1 ) + ℓ(Π 2 ) + ℓ(Π 3 ) = d + 2 and c(Π 1 ) + c(Π 2 ) + c(Π 3 ) = 3.
We have done this for 2 d 11 and then we have singled out the candidate covers inducing hyperbolic 2-orbifold covers, getting the first five items of the statement. To illustrate how this works we will spell out here only the case Table 2 . Triples of partitions of 8 inducing candidate covers between triangular orbifolds d = 8. The partitions Π of 8 with c(Π) 3 are those described in Table 1 , with the corresponding values of ℓ and c.
The triples of such partitions such that ℓ and c sum up to 10 and 3 respectively are shown in Table 2 , together with the associated candidate orbifold cover and its geometric type. So we get the second and third item in the statement.
Step II. Let us denote by X d:1 X a candidate orbifold cover with d 12 and hyperbolic X = S(α, β, γ) and X = S(p, q, r). Since
and χ orb ( X) = d·χ orb X, we deduce that 0 < −χ orb (X) = 1 − 1
Assuming p q r it is now very easy to check that the last inequality is satisfied only for p = 2, q = 3, 7 r 11 and for p = 2, q = 4, r = 5.
Step III. If X X is a candidate 2-orbifold cover with hyperbolic X = S(α, β, γ) and X = S(p, q, r) then the following must happen:
(a) Each of α, β, γ must be a divisor of some element of {p, q, r}; is always integer in this case, so point (b) is not an issue. However d 11 in all cases but the last two (for instance, the case X = S (3, 8, 8) corresponds to the fifth item in the statement). For X = S(4, 8, 8) we have d = 12 and taking the partitions of 12 as the sixth item in the statement we see that the induced orbifold cover is indeed S (4, 8, 8) S (2, 3, 8) . For X = S (8, 8, 8) we have d = 15 and it is impossible to find partitions of 15 inducing the candidate cover, because the cone point of order 2 in X, being covered by ordinary points of X only, should require a partition consisting of 2's only, which cannot exist because 15 is odd.
Carrying out the same analysis one gets the last two items in the statement for X = S(2, 3, 7), the seventh item for X = S(2, 3, 9), and nothing new for the other X's. This concludes Step III and the proof.
As already announced, the next argument is based on a technique different from those used in the rest of this paper, namely Grothendieck's dessins d'enfant. We will not review this tool here, addressing the reader to [16] .
Proof of 4.2.
Dessins d'enfant proving the realizability of all candidate covers claimed to be realizable can be found in Fig. 16 . The black vertices 
(9) (6) S is easy: a dessin relative to partitions (4, 4) and (2, 2, 2, 2) with at least two outer regions of length 1 must be as shown in Fig. 17 , so the third partition is (4, 2, 1, 1), not (5, 1, 1, 1).
For the exceptionality of S 16:1 S refer to Fig. 18 . Since it must contain two length-1 regions, a dessin realizing it should be as in (a). The two marked germs of edges cannot be joined together or to the 1-valent vertex, so they go either to the same 3-valent vertex as in (aa) or to different 3-valent vertices as in (ab). Case (aa) is impossible because there is a region with 7 vertices, which will become more than 7 in the complete dessin. In case (ab) we examine where the marked germ of edge could go, getting cases (aba) to (abd), always redrawn in a more convenient way. Cases (aba) and (abb) are impossible because of long regions. In cases (abc) and (abd) we examine where the marked edge could go in order not to create regions of 
